We consider Green polynomials at roots of unity, corresponding to partitions which we call l-partitions. We obtain a combinatorial formula for Green polynomials corresponding to l-partitions at primitive l-th roots of unity. The formula is rephrased in terms of representation theory of the symmetric group.
Introduction
Green polynomials at roots of unity was first considered by A. Morris and N. Sultana. They study in [MS] Hall-Littlewood symmetric functions at roots of unity in connection with modular representation theory of the symmetric group. They conjecture a certain recurrence formula for Green polynomials at roots of unity corresponding to rectangle partitions. The order of the roots are restricted to the multiplicity of the rectangle partition. The conjecture was proved by A. Lascoux, , as an application of their result on Hall-Littlewood functions at roots of unity. They showed in [LLT1] a factorization formula for Hall-Littlewood function at roots of unity, and a plethysm formula for the case corresponding to rectangle partitions. These formulas play a key role in the proof of the conjecture.
In this paper, we consider Green polynomials at roots of unity, corresponding to partitions which we call l-partitions. The l-partitions are defined to be the partitions whose multiplicities are all divisible by a fixed positive integer l. Lascoux-Leclerc-Thibon showed that Green polynomials corresponding to l-partitions at primitive l-th roots of unity are describes by the inner product of complete symmetric function and power-sum symmetric functions (see, e.g., [DLT] ). We obtain in the present article an explicit formula for the inner product in terms of partitions, and hence obtain a combinatorial description of those Green polynomials at primitive l-th roots of unity.
We also consider the formula in terms of representation theory of the symmetric group. Let n be a positive integer, and S n the symmetric group of n letters. There corresponds to each partition µ of positive integer n a graded S n -modules R µ , the DeConcini-Procesi-Tanisaki algebra corresponding to µ. It is known that the Green polynomial corresponding to a partition µ gives the graded character value of the graded S n -module R µ . We understand our combinatorial formula in terms of the representation theory of S n on these graded representations, in the case where the partition is an l-partition. Indeed, the formula is rephrased as a representation theoretical interpretation of a certain combinatorial property of the graded module R µ . If µ is an l-partition, then the subspaces of R µ , defined by taking the direct sum of homogeneous components whose degrees are congruent modulo l, have the same dimension (dim R µ )/l. The property is referred to in this paper as 'coincidence of dimension'. In this case, our formula states that these submodules of R µ of equal dimension are induced from representations of certain subgroup of S n , which are all one-dimensional.
The paper is organized as follows. In Section 2, we collect fundamental facts on Hall-Littlewood functions and Green polynomials at roots of unity. Formulas of Lascoux-Leclerc-Thibon on these materials are reviewed. In Section 3, we obtain a combinatorial formula for the Green polynomials corresponding to l-partitions at primitive l-th roots of unity. In Section 4, we consider, as an application of the formula, the coincidence of dimensions of the algebra R µ in terms of representation theory of S n . In Section 5, we make a final remark.
Green polynomials and modified Hall-Littlewood functions
Let x = (x 1 , x 2 , . . . , x n , . . .) denote a set of infinite variables, and Λ the ring of symmetric functions with the variables x 1 , x 2 , . . . , x n , . . . We follow [Mc] for notation on symmetric functions. Let p ρ (x) denote the power-sum symmetric function corresponding to the partition ρ ⊢ n, and P µ (x; q) denote the Hall-Littlewood symmetric function corresponding to the partition µ ⊢ n. 
Then the Green polynomials Q µ ρ (q) are defined by
They are polynomials in q with integer coefficients, and the degree is given by n
The aim of the present article is to consider the Green polynomials at roots of unity for the partitions which we call the l-partitions, that is, the partitions µ = (1 m 1 2 m 1 · · · n mn ) of which the multiplicities m 1 , m 2 , . . . , m n are all divisible by a positive integer l. We occasionally employ a symbol m i (µ) to dipict the multiplicity of i in a partition µ. We recall here a result of Lascoux, Leclerc and Thibon on the Green polynomials for l-partitions at l-th roots of unity (see, e.g., [DLT, Theorem 9.7] ). Let l be a positive integer, and µ = (1 m 1 2 m 2 · · · n mn ) an l-partition. Then µ 1/l denotes the partition (1 q 1 2 q 2 · · · n qn ), where m i = lq i for each i = 1, 2, . . . n. For a partition ν, let lν denote the partition obtained by multiplying each component of ν by a positive integer l. Let h ν denotes the complete symmetric function corresponding to the partition ν, and ⟨f, g⟩ denotes the usual inner product of the ring of symmetric functions, defined by
2)
where z λ = 1 k 1 k 1 !2 k 2 k 2 ! · · · n kn k n ! for λ = (1 k 1 2 k 2 · · · n kn ), and δ λµ the Kronecker delta.
Proposition 1 (Lascoux-Leclerc-Thibon) Let l be a positive integer, and µ an l-partition. Let ζ l be a primitive l-th root of unity. Then it holds that
The following two results on Hall-Littlewood functions at roots of unity, due to Lascoux-Leclerc-Thibon, play a key role in the proof of Proposition 1, of which are also make use throughout in the present article. Let µ be a partition of n. Let Q µ (x; q) denote the symmetric function with parameter q, defined by
). This symmetric function Q µ (x; q) is also called the Hall-Littlewood symmetric function. These two classes {P λ (x; q)}, {Q λ (x; q)} of symmetric functions are dual to each other with respect to the Hall-Littlewood inner product [Mc, p. 225] . Let Q ′ µ (x; q) denote the modified Hall-Littlewood symmetric function, which is defined by
i.e., the symmetric function obtained by replacing the variable
Then it is not difficult to see that the Hall-Littlewood symmetric functions {P λ (x; q)} and modified Hall-Littlewood functions {Q ′ λ (x; q)} are dual to each other with respect to the usual inner product of the ring of symmetric function Λ[q]. It immediately follows from this fact that the Green polynomial
Proposition 2 ([LLT2, Theorem 2.1.]) Let µ be a partition µ = (1 m 1 2 m 2 · · · n mn ) of n. Let l be a positive integer. Suppose that m i = lq i + r i , 0 ≤ r i ≤ l − 1 for each i = 1, 2, . . . , n. Then it holds that
whereμ denotes the partition (1 r 1 2 r 2 · · · n rn ).
Proposition 3 ([LLT2, Theorem 2.2])
Let l and r be a positive integers. Then we have
where (p l • h r )(x) denotes the plethysm of the complete symmetric function h r by the powersum symmetric function p l .
Explicit formula
Let l > 1 be a positive integer, and µ ⊢ n an l-partition. Let q i = m i /l for each i = 1, 2, . . . , n.
Recall that µ 1/l is by definition the partition (1 q 1 2 q 2 · · · n qn ) of n/l. (In fact, q i = 0 for all i > n/l.) Let ν = (ν 1 , ν 2 , . . . , ν r ) be a partition, and κ = (κ (1) , κ (2) , . . . , κ (r) ) a sequence of partitions. Then κ ⊢ ν means that κ (i) ⊢ ν i for each i = 1, 2, . . . , r, and κ is called a partition of ν. If λ is a partition of ν, then lλ denotes the partition of a positive integer whose components are those of λ multiplied by l. For a partition λ = (λ (i) ) ⊢ ν, define
for each k, and
,
denotes the multinomial coefficient.
Example 4 If µ = (4, 4, 2, 2) and l = 2, then µ 1/l = (4, 2). There exists ten partitions of µ 1/l : ((4), (2)), ((3, 1), (2)), ((2, 2), (1, 1)), ((2, 1, 1), (1, 1)) etc. The partitions of the form 2κ for κ ⊢ (4, 2) are the following: (8, 4), (6, 4, 2), (4, 4, 4), (4, 4, 2, 2), (4, 2, 2, 2, 2), (8, 2, 2), (6, 2, 2, 2), (2, 2, 2, 2, 2, 2). Remark that it is possible for different κ ⊢ µ 1/l that the resulting partitions lκ coincide, e.g., 2((2, 2), (1, 1)) = 2((2, 1, 1), (2)) = (4, 4, 2, 2). If κ = ((2, 1, 1), (2)) ⊢ (4, 2), then we have m κ = ( 2 2,0
The aim of this section is to prove the following theorem.
Theorem 5 Let l be a positive integer, and µ ⊢ n an l-partition of a positive integer n. Then we have:
1. For a partition ρ ⊢ n, the condition Q µ ρ (ζ l ) ̸ = 0 holds if and only if ρ is a partition of the form lκ for some κ ⊢ µ 1/l .
For a partition
where l(ρ) denotes the length of ρ.
To prove the theorem, we first show a similar result for the Green polynomial X µ ρ (q) at q = ζ l , which is equivalent to Theorem 5.
Proposition 6 Let l be a positive integer, and µ ⊢ n an l-partition. Then we have:
Proof. Let µ ⊢ n be an l-partition, and suppose that µ = (1 m 1 2 m 2 · · · n mn ). Recall that
is the modified Hall-Littlewood function, and p ρ (x) is the power-sum function. Let q i = m i /l for each i = 1, 2, . . . , n. By Proposition 2, we have
( 3.2) It follows from Proposition 3 and (3.2) that
for each i = 1, 2, . . . , n/l and j = 1, 2, . . . , q i . If we set
Therefore, by (3.5) and (3.6), we have
By (3.7), it holds for such a τ ⊢ µ 1/l that
which proves the condition 2. Moreover, the condition 2 shows that X µ ρ (ζ l ) ̸ = 0 for ρ = lτ , τ ⊢ µ 1/l , which completes the proof of the theorem. □
To prove Theorem 5, we need the following auxiliary result.
Lemma 7 Let l be a positive integer, and µ an l-partition. Then (2n(µ) + (l − 1)n)/l is an even integer.
Proof. Let us consider the case where n/l is even. In this case, it is clear that (l − 1)n/l is even. It remains to show in this case that 2n(µ)/l is even. By the assumption, the Young diagram of the l-partition µ consists of even number of connected vertical l-strip. In the definition of n(µ), the sum of integers assigned to such a connected vertical l-strip is of the form (l(l − 1)/2) + ml 2 (m = 0, 1, 2, . . .). Hence n(µ) is a multiple of l, which shows that 2n(µ)/l is even. Suppose that n/l is odd. First we consider the case where l is odd. In this case, it also holds that n(µ) is a multiple of l, and it is clear that (l − 1)n/l is even, since l − 1 is even. Hence (2n(µ) + (l − 1)n)/l is even. Next we consider the case where l is even. In this case, it is clear that (l − 1)n/l is odd. Hence we have to show that 2n(µ)/l is an odd integer. By the definition, n(µ) is the sum of n/l positive integers of the form (l(l − 1)/2) + ml 2 (m ∈ Z ≥0 ). Therefore, 2n(µ)/l is the sum of n/l positive integers of the form (l − 1) + 2ml (m = 0, 1, 2, . . .). Since n/l is odd, this is an odd integer. □
We shall finish the proof of Theorem 5. By (2.1), we have Q µ ρ (ζ l ) ̸ = 0 ⇐⇒ X µ ρ (ζ l ) ̸ = 0. By Proposition 6, this shows the first part of Theorem 5. Again by (2.1), it holds that
By Proposition 6, X µ ρ (ζ −1 l ) does not depend on the particular choice of the primitive l-th root of unity, that is, X µ ρ (ζ −1 l ) = X µ ρ (ζ l ). Hence, by (3.7) and Proposition 6, we have
Since µ is an l-partition, it holds from Lemma 7 that
which completes the proof of Theorem 5.
Example 8 Let µ = (4, 4, 2, 2) and l = 2. Then µ is a 2-partition, and µ 1/2 = (4, 2). Let ρ be a partition (4, 4, 2, 2). Then there exists two partition ((2, 2), (1, 1)), ((2, 1, 1), (2)) of µ 1/2 = (4, 2) satisfying 2κ = µ 1/2 . For these κ's, we have m ((2,2),(1,1)) = ( 2 0,2 )( 2 2,0 ) = 1, m ((2,1,1) ,(2)) =
( 2 2,0 )( 2 1,1 ) = 2. Therefore it holds that Q µ ρ (ζ 2 ) = (1 + 2)2 4 = 48.
In the following of the paper, we shall consider a representation theoretical interpretation of Theorem 5. It will be formulated in terms of certain graded S n -modules, called DeConcini-Procesi-Tanisaki algebras for the symmetric group. These algebras has a certain combinatorial property, which we call 'coincidence of dimension'. We shall see in the next section that Theorem 5 gives a representation theoretical interpretation of the property.
Representation theory of symmetric group
In this section, we rephrase Theorem 5 in terms of representation theory of the symmetric group. It is known that the Green polynomial Q µ ρ (q) (ρ ⊢ n) gives the graded character values of a certain graded representation R µ , called the DeConcini-Procesi-Tanisaki algebra. The formula (3.1) shows that a certain combinatorial property of the algebra R µ , corresponding to an l-partition µ, is interpreted in terms of representation theory of the symmetric group.
Let n be a positive integer and S n the symmetric group of degree n. If µ ⊢ n be a partition, then there corresponds a homogeneous ideal I µ of the polynomial ring C[x 1 , x 2 , . . . , x n ], which is S n -invariant. The symmetric group S n acts on the polynomial ring C[x 1 , x 2 , . . . , x n ] as permutations of the variables, i.e., for σ ∈ S n and f = f (x 1 , x 2 , . . . , x n ), (σ.f )(x 1 , x 2 , . . . , x n ) := f (x σ(1) , x σ(2) , . . . , x σ(n) ).
The DeConcini-Procesi-Tanisaki algebra R µ is defined to be the quotient algebra R µ = C[x 1 , x 2 , . . . , x n ]/I µ of the polynomial ring. The algebra R µ was first studied by C. DeConcini and C. Procesi [DP] , as the S n -module structure on the cohomology ring of a certain subvariety X µ of the flag variety, the fixed point subvariety. T. Tanisaki [T] considers the generator of the defining ideal of R µ , and give a simple combinatorial description in terms of the partition µ. For other topics related to a combinatorial point of view, see e.g., [GP] .
Since the defining ideal is homogeneous and S n -invariant, the algebra R µ has a structure of graded S n -module
i.e., each homogeneous component R d µ is S n -submodule of R µ . The algebra R µ is finite dimensional for each µ ⊢ n, and it is known that the dimension is given by the multinomial coefficient
if µ = (µ 1 , µ 2 , . . . , µ d ). With the Tanisaki generator, the structure of R µ is easily seen for some special µ. If µ = (n), then R µ = C the trivial representation of S n . If µ = (1 n ), then R µ coincides with the coinvariant algebra R n of S n , which is isomorphic to the left regular representation of S n . For a general µ ⊢ n, it is known that, as an S n -module, R µ ∼ = Ind Sn Sµ 1, where 1 stands for the trivial representation of the Young subgroup S µ .
It is known that the Green polynomial Q µ ρ (q) gives the graded S n -character of the algebra R µ . For each d = 0, 1, . . . , n(µ) , let charR d µ denote the character of the S n -module R d µ . Then the graded character char q R µ of the graded S n -module R µ is defined by
where ρ is a partition of n, and charR d µ (ρ) denotes the character value of the S n -modules R d µ on the conjugacy class of cycle type ρ. Then we have (see, e.g., [GP] )
In [Mt] , it is verified that the Green polynomial Q µ ρ (q) has the following factorization formula.
Proposition 9 Let µ, ρ be partitions of a positive integer n, and M µ the maximum value of the multiplicities {m 1 (µ), m 2 (µ), . . . , m n (µ)}. Then there exists a polynomial G µ ρ (q) in q with integer coefficients satisfying
It is immediately follows from the formula that the Hilbert polynomial
where G µ (1 n ) (q) is a polynomial in q with integer coefficients. A proof of the following lemma, due to T. Oshima, is found in [MN1] .
Lemma 10 (Oshima) Let f (q) = a 0 + a 1 q + a 2 q 2 + · · · be a polynomial in q with integer coefficients. Let l be a fixed positive integer such that l ≥ 2, and for each k = 0, 1, . . . , l − 1 define
Then these c(k; l)'s coincide each other if and only if the polynomial f (q) has roots of unity ζ j l as zeros for each j = 1, 2, . . . , l − 1.
Let µ be a partition, and l a positive integer such that 2 ≤ l ≤ M µ . ( We exclude the case l = 1, since it is trivial for our argument. ) For each k = 0, 1, . . . , l − 1, we define
Then it is immediately seen from Lemma 10 that these submodules R µ (k; l) (k = 0, 1, . . . , l − 1) have the same dimension. In the rest of this section, we shall consider the following problem that provides a representation theoretical interpretation for the property 'coincidence of dimension':
Find a subgroup H(l) of S n , and H(l)-modules Z(k; l) (k = 0, 1, . . . , l − 1) of equal dimension such that there exists a isomorphism of S n -modules R µ (k; l) ∼ = Ind Sn H(l) Z(k; l) for each k = 0, 1, . . . , l − 1. Theorem 5 provides an answer for the problem on DeConcini-Procesi-Tanisaki algebras R µ corresponding to l-partitions µ.
Let µ be an l-partition. We define the product a = a µ (l) ∈ S n of cyclic permutations corresponding to µ and l. To avoid abuse of notation, we settle the definition through the following example. It is clear from the definition that the element a corresponding to an l-partition has the order l.
Example 11 (The definition of a) Let µ be the partition (3, 3, 2, 2, 2, 2). Then the partition µ is a 2-partition. Consider the following standard Young tableau 1 2 3 4 5 6 7 8 9 10 11 12 13 14 .
Then the tableau decomposes modulo 2 into the following three parts: 1 2 3 4 5 6 , 7 8 9 10 , 11 12 13 14 .
For each subtableau, we define the following products of cyclic permutations:
( 1 2 3 4 5 6 4 5 6 1 2 3
) , ( 7 8 9 10 9 10 7 8
) ,
( 11 12 13 14 13 14 11 12
) .
Then a is defined to be the product of these permutations: a =
( 1 2 3 4 5 6 4 5 6 1 2 3 ) ( 7 8 9 10 9 10 7 8 ) ( 11 12 13 14 13 14 11 12
If we regard the partition µ = (2, 2, 2, 2, 2, 2) as a 3-partition, then the corresponding element a is defined to be the following product of cyclic permutations: a =
( 1 2 3 4 5 6 3 4 5 6 1 2 ) ( 7 8 9 10 11 12 9 10 11 12 7 8
□ Define the subgroup H µ (l) by
H µ (l)-modules Z µ (k; l) (k = 0, 1, . . . , l − 1) are defined to be the irreducible modules of ⟨a⟩ ∼ = C l , on which the Young subgroup S µ acts trivially (hence all one dimensional).
Example 12 Consider 2-partition µ = (3, 3, 2, 2). Let l = 2. Then µ 1/l = (3, 2) and a = a µ (l) = (1, 4)(2, 5)(3, 6)(7, 9)(8, 10). The subgroup H µ (l) is defined to be the semidirect product
..,k} denotes the symmetric group of the letters {i, j, . . . , k}. The one-dimensional H µ (l)-modulesZ µ (k; l) (k = 0, 1) are by definition the irreducible C 2 -modules C on which the Young subgroup S µ acts trivially.
The aim of this section is to show the following theorem:
Theorem 13 Let l be a positive integer and µ an l-partition. With the notation above, we have R µ (k; l) ∼ = Sn Ind Sn Hµ(l) Z µ (k; l) for each k = 0, 1, . . . , l − 1.
We first show the equivalence of Theorem 13 and existence of a certain S n ×C l -isomorphism, which is originally suggested by T. Shoji for the case of coinvariant algebras. Let l be a positive integer, and µ an l-partition. Consider the induced module Ind Sn Sµ 1, where 1 stands for the trivial representation of the Young subgroup S µ . As S n -modules, this induced module is equivalent to R µ . We remark here that R µ and Ind Sn Sµ 1 admit S n × C l -module structures as follows. The S n -module structures are natural ones. We define C l -module structures in the sequel. Define the action of C l on R µ by
To define the C l -module structure on Ind Sn Sµ 1, recall the following identification
where C denotes the trivial representation of S µ . Then we can define C l -module structure on Ind Sn Sµ 1 by a j .(σ ⊗ 1) := σa −j ⊗ 1, for each σ ∈ S n /S µ and j. It is clear from the definition that the S n -action and the C l -action commute each other.
Proposition 14 Let l ≥ 2 be a positive integer, and µ an l-partition. Then there exists S n -isomorphisms R µ (k; l) ∼ = Sn Ind Sn H(l) Z µ (k; l), k = 0, 1, . . . , l − 1 if and only if the S n × C l -modules R µ and Ind Sn Sµ 1 are equivalent:
then it is easy to see that the eigenspace decompositions of both sides with respect to the action of a give the isomorphisms R µ (k; l) ∼ = Sn Ind Sn H(l) Z(k; l), k = 0, 1, . . . , l − 1. The other direction of the proof is obtained by tracking back this argument. □
The rest of this section is devoted to the proof of the isomorphism
Since we are working on a field of characteristic zero, it is enough to show the character values of both sides coincide, i.e., charR µ (w, a j ) = char Ind Sn Sµ 1(w, a j ) for each (w, a j ) ∈ S n × C l . The case j = 0 is exactly the S n -isomorphism R µ ∼ = Sn Ind Sn Sµ 1, we may assume j ≥ 1. Since the element a acts on the homogeneous spaces R d µ by scalar multiple, a slight consideration shows that the character value charR µ (w, a j ) coincides with the value of the Green polynomial Q µ λ(w) (q) at q = ζ j l . Thus, we have to show Q µ ρ (ζ j l ) = char Ind Sn Sµ 1(w, a j ) for each j = 1, 2, . . . , l − 1. If we suppose that the l-th root of unity ζ j l is a primitive m-th root of unity, the order the element a j coincides with m. Therefore, replacing m with l again, it is enough to show that Q µ ρ (ζ l ) = char Ind Sn Sµ 1(w, a). By Theorem 5, it is enough to confirm the following two conditions:
The condition char Ind Sn
Sµ 1(w, a) ̸ = 0 holds if and only if the cycle type ρ of w is a partition of the form lκ for some κ ⊢ µ 1/l . 2. For an element w ∈ S n whose cycle type is of the form ρ = lκ, κ ⊢ µ 1/l , we have
The 'only if'part of the first condition holds as follows. Recall the induced representation Ind Sn Sµ 1 has the realization Ind Sn Sµ = ⊕ σ∈Sn/Sµ σ ⊗ C. Hence if char Ind Sn Sµ 1(w, a) ̸ = 0, then there should exist an element σ ∈ S n /S µ such that char(σ ⊗ C)(w, a) ̸ = 0. Since we have (w, a)(σ ⊗ 1) = wσa −1 ⊗ 1, this forces that wσa −1 ≡ σ mod S µ . Therefore, if char Ind Sn Sµ 1(w, a) ̸ = 0, then w is conjugate to an element τ a ∈ H µ (l). Since cycle types of elements of H µ (l) are of the form lκ, κ ⊢ µ 1/l , then we have the 'only if'part of the condition 1.
Suppose that an element w satisfies the condition char Ind Sn Sµ 1(w, a) ̸ = 0. It follows from the assumption that w is conjugate to an element of the subgroup H µ (l). Since the argument depends only on the cycle type of w, we may assume that w = τ a ∈ H µ (l), where τ ∈ S µ . Let the cycle type ρ of w be ρ = lκ, where κ ⊢ µ 1/l . By the assumption, we have char Ind Sn Sµ 1(w, a) = ∑ σ∈Sn/Sµ wσa −1 ≡σ mod Sµ char (σ ⊗ C) (w, a).
Consider σ ∈ S n /S µ such that wσa −1 ≡ σ modulo S µ . For such σ's, it is clear from the definition of S n × C l -module structure on σ ⊗ C that char (σ ⊗ C) (w, a) = 1. Therefore we have char Ind Sn Sµ 1(w, a) = ♯{σ ∈ S n /S µ |wσa −1 ≡ σ mod S µ }. It is not difficult to see that the number of representatives σ ∈ S n /S µ satisfying the condition
which proves 2. Finally, it is immediately follows from the consition 2 that the 'if'part of the condition 1 holds. □ Example 15 Let l = 2, and consider an l-partition µ = (3, 3, 2, 2). If char Ind Sn Sµ 1(w, a) ̸ = 0, then w is conjugate to an element of H µ (l), and the cycle type ρ of w is of the form ρ = lκ, κ ⊢ µ 1/l = (3, 2). Suppose that w = (1, 2)a = (1, 4, 2, 5)(3, 6)(7, 9)(8, 10). Then representatives σ ∈ S n /S µ satisfying wσa −1 ≡ σ modulo S µ are for example σ = [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] , [1, 2, 6, 4, 5, 3, 7, 8, 9, 10] , [1, 2, 7, 4, 5, 9, 3, 6, 9, 10] , [4, 5, 3, 1, 2, 6, 7, 8, 9, 10] etc. On the other hand, the following type of representatives are also appropriate: σ = [3, 7, 8, 6, 9, 10, 1, 2, 4, 5] , [6, 7, 8, 3, 9, 10, 1, 2, 4, 5] , [3, 7, 8, 6, 9, 10, 4, 5, 1, 2] etc. The number of representatives of the first type is m ((2,1,1),(1,1) ) 2 4 = ( 4 2,2 )( 1 1,0 ) 2 4 . That of the second type is m ((1,1,1,1) ,(2)) 2 4 = ( 4 4,0 )( 1 0,1 ) 2 4 .
Final Remark
The problem of the type we consider in the previous section was first explicitly noticed by W. Kraśkiewicz and J. Weyman [KW] for coinvariant algebras R W of Weyl groups W of type A, B, D. They consider the problem for the case where l is the Coxeter number, the order of Coxeter elements [H, p.74] of W . They show that each submodule R W (k; l), similarly defined as in the previous section for R µ , is induced from the corresponding irreducible representation of the cyclic subgroup generated by a Coxeter element of W . As a consequence, we can see that these submodules R W (k; l) are of equal dimension. In fact, T. A. Springer [S] had obtained implicitly these result for a wider setting. Let W be a finite complex reflection group, R W the coinvariant algebra of W , and l a regular number [S, Section 4] of W . Then it is possible to see from results in [S] that a similar statement holds and, as a consequence, those submodules R W (k; l) are of equal dimension. The underlying subgroup is the cyclic subgroup generated by a regular element [S, Section 4] of order l. (Remark that the Coxeter number is a regular number.) On the other hand, for a finite complex reflection group W , it is not difficult to see that if l is a degree [H, p.59] of W , then the submodules R W (k; l) are of equal dimension. (Remark that the regular numbers are degrees of W .) Then, conversely, a new problem arises to understand the coincidence of dimensions in terms of induced representations. The first answer to the problem was made for the coinvariant algebra for the symmetric group [MN1] . Recently, this result was generalized by C. Bonnafé, G. Lehrer, and J. Michel [BLM] for finite complex reflection groups. In [RSW] , V. Reiner, D. Stanton and P. Webb considers similar problem over arbitrary fields. The problem considered in the present paper is another generalization of [MN1] . We make clear here the relation between the study of Green polynomials at roots of unity, which amounts to the study of Hall-Littlewood functions at roots of unity, and the problem for the algebra R µ , a generalization of the coinvariant algebra of the symmetric group, for special µ's and special l's. In [MN2] , we consider the problem for general µ's and general possible l's.
